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Abstract 

We study maximally symmetric cosmological solutions of type II supersym- 
metric strings in the presence of the exact quartic curvature corrections to 
the lowest order effective action, including loop and D-instanton effects. We 
find that, unlike the case of type IIA theories, de Sitter solutions exist for 
type IIB superstrings, a conclusion that remains valid when higher- curvature 
corrections are included on the basis of SL(2,Z) invariance. 
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Recently, there has been considerable interest on the subject of cosmolog- 
ical solutions of the low-energy limit of string theories and M-theory. String 
theories, in their low-energy limit, give rise to effective theories of gravity con- 
taining higher-derivative corrections. In type II superstring theories there are 
no corrections quadratic or cubic in the curvatures so that the first corrections 
beyond the Einstein-Hilbert term are fourth order in the Riemann curvature, 
arising at order a' 3 . These terms have been computed explicitely via string 
four-point amplitude calculations Q and confirmed in a-model perturbation 
theory, from a four-loop divergence that contributes to the /3-functions and 
gives a' 3 corrections to the effective action . For four gravitons, in partic- 
ular, there exists a one-loop result for the quartic-curvature corrections || 
and all contributions higher than one loop vanish due to non-renormalization 
theorems ||. 

There exist also non-perturbative corrections to the R 4 term due to D- 
instantons. Superstring dualities, relating superstring perturbative expan- 
sions (and M-theory), provide strong constraints on the non-perturbative 
structure of string theories f|. In type IIB theory, in particular, non- 
perturbative effects are intimately related to the SL(2,Z) symmetry of the 
theory || and a conjecture for their structure has been put forward in Ref. 
0, which gives the tree and one-loop corrections to the R 4 term besides the 
instanton ones; this conjecture has been validated in ||. In type IIA theories 
such non-perturbative corrections do not exist, essentially because there are 
no finite-action instantons so that the R 4 term is given entirely by the sum 
of the perturbative tree-level and one-loop terms. 

The effect of higher-curvature terms in the string low energy effective ac- 
tions on the maximally symmetric cosmological solutions of the theory has 
been studied, with the result that, for all string theories, at tree- level, there 
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are de Sitter solutions but they are unstable and these solutions disappear 
once the dilaton is included 0. The aim of this letter is to study the ef- 
fect of loop and non-perturbative corrections at all orders in a', in type II 
superstrings, on this type of solutions. 

We start by considering the bosonic effective Lagrangian of the theory at 
lowest order in a' (hereafter we set a' = 1) in the Einstein frame 



Co = R - Tra^S^S - T7rr(^ 1 + H^^SH 1 + H 2 )^, (1) 

2(p 2 iZ(p2 

where S = 4>i + i(j)2 = x + ^ e ~^ an d H}£ is the antisymmetric tensor field 
strength (in the following we shall set < H 1,2 >= 0). This Lagrangian is 
invariant under an SL(2,R) symmetry that acts as 
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E SL{2,R). 
(2) 

A discrete subgroup of this symmetry, SL(2, Z), is conjectured to be an 
exact non-perturbative symmetry of the type IIB string jnj . 

The first perturbative corrections to the effective Lagrangian |]J arise at 
order a' 3 and are given by 



~ 3 2 6 c wioi 



= ^§e^(t 8 t 8 + ±e 1Q e 10 )R\ (3) 
where ( is the Riemann ('-function, 
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Rfu = v - ^[;v,]V«0, (4) 

t% is the standard eight-index tensor arising in string amplitudes, eio is the 
totally antisymmetric symbol in ten dimensions and . . . denotes terms in- 
volving derivatives of the dilaton. This Lagrangian reproduces the four-point 
amplitude calculated in string theory and it is in agreement with cr-model 
calculations. 

Firstly, we shall look for maximally symmetric solutions of Cq + £3 (pro- 
visionally we set x — 0)- F° r maximally symmetric spaces 

R\ Xa = K (Sfa, - 8»ag vX ) , = C = cte. (5) 

In this case, the metric and dilaton equations of motion reduce to the 
following algebraic equations 



aK + (3K 4 = 0, (6) 
f3K 4 = 0, (7) 

where a = (D — 1)(D - 2) and f3 = -'l((3)e~ 3 W(D - 3)(D - 2){D - 1). 
We consider first the case = 0, for which only eq. @ is relevant. Clearly, 
Minkowski space is a solution and, with our conventions, de Sitter (anti- 
de Sitter) solutions correspond to real positive (negative) roots of @. In 
the critical number of dimensions, D=10, there is only one positive root, 
K s = f — I J . However, this solution is unstable since stability of solutions 
depends on the sign of 5 2 C and this is determined by the sign of f'(K s ) |TT| , 
where f(K) = aK + f3K A , which is negative. If (f> 7^ 0, eq. ([|) has to be 
taken into account as well and it is clear that, in this case, de Sitter space is 
no longer a solution and only Minkowsky space remains. 
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At the perturbative level, there exist string one-loop corrections to the 
four-point functions. For four gravitons, these corrections have been calcu- 
lated and amount to the exchange 

C(3) - C(3) + y^ 2 (8) 

in eq. (|^). The solution of the metric equation of motion now becomes 
K s = (-S ) 1/3 , where (3 = -§ e -i*(C(3) + ^e~^){D - 3){D - 2){D - 1), 
again a de Sitter solution. On the other hand, the dilaton equation of motion 
changes to {3K A = 0, which again has only Minkowsky space as a solution. 

Non-renormalization theorems ensure that there are no higher-loop cor- 
rections. On the other hand, in type IIB theory there can be non-perturbative 
contributions due to D-instantons [J]. The multi-instanton contributions are 
determined by the SL(2, Z) symmetry, i.e. the exact non-perturbative result 
for four gravitons can be found by covariantizing the perturbative result, 
which is not SL(2, Z)-invariant |7j 

A = 3^7/0(3 S) (t 8 t 8 + ^e 10 eio) R\ (9) 

where we have used the compact notation defined in eq. (|3|); f (S, S) is 
the non-holomorphic modular form such that f (S,S) = ((3)E 3 / 2 (S), where 
E S (S) is a non-holomorphic Eisenstein series defined by 

£.(S)=C(3) E [Im{lS)f'\ (10) 
7Gr/r oc 

where 7 indicates a transformation in V = SL(2, Z) modded out by the 
subgroup defined by = 

The function f Q can also be expressed as 



I ±1 n I 

I ±1 ) 
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,3/2 



(m,n)^(0,0) 

and has the small <p 2 expansion 



|m + nS*! 3 



/o = 2 C (3)0f + ^0 2 - V2 + 8vr0f £ 

d m=0,n>l 



e 2 ™* 1 ir 1 (27r|mn|0 2 ), (12) 



where i^i is a Bessel function. This form for the exact R A corrections sat- 
isfies SL(2,Z) invariance, reproduces the correct perturbative expansion and 
the non-perturbative corrections are of the expected form. The full four-point 
Lagrangian, including the analogous corrections for the other modes (anti- 
symmetric fields and scalars) is given in Ref. [13]. The metric and dilaton 
equations of motion now become 



a x K + a 2 f (S, S)K 4 = 0, (13) 
a 2 f (S,S), s K* = 0, (14) 
a 2 f (S,S),sK* = 0, (15) 

where ai = a and a 2 = —A(D — 3)(D — 2)(D — 1). Hence, it is clear that it is 
now possible to satisfy all equations provided extrema of fo exist. This is the 
case as the fixed points, S = e ln ^ 6 and S = 1 in the fundamental domain, are 
necessarily extrema of fo- We have checked numerically that, in either case, 
fo > and, therefore, substituting in eq. (|i~3f), we find K s = (— ^j) 1 ^ 3 > 0, 
corresponding to a de Sitter solution. However, this solution is unstable since, 
defining f(K) = a.\K + f Q a 2 K 4 , then f r (K s ) = —3ai < 0. There remains, 
of course, the possibility that stable solutions become possible when higher 
order curvatures are included. 
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For type IIA theories, the tree level effective Lagrangian for R A terms is 
the same as for type IIB theories, eq. (0), but, at one loop, the (CP-even) 
contribution changes sign and there is a further (CP -odd) term 

A = (C(3) + y^ 2 ) (*s*8 " ^ 10 e 10 - ^eiotg) R 4 - (16) 

As for type IIB theories, i? 4 terms receive no perturbative corrections 
beyond one loop, whose contribution amounts to the exchange of eq. (§); 
however, for type IIA theories there are no non-perturbative corrections in 
ten-dimensional type IIA theories Jy|. Hence, given the analysis presented 
above, it is not possible to obtain de Sitter (anti-de Sitter) solutions for these 
theories. 

Finally, we turn to the question of whether the de Sitter solutions we 
found for type IIB theories up to order a' 3 survive when higher oreder cur- 
vatures are taken into account. One expects that the equations of motion 
(P~3|) (p~5|) generalise to 



ai K + a 2 f (S,S) K 4 + ... + a n _ 2 / n (5, 5) K n+4 + . . . = 0, (17) 
f (S,S), s a 2 K* + ... + a n - 2 f n (S,S), s K n+4 + ... = 0, (18) 
f (S,S),sa 2 K 4 + ... + a n - 2 f n ,s(S,S),sK n+ * + ... = 0, (19) 

Hence, it is clear that it is possible to satisfy all equations if the functions 
f n have at least one common extremum. Normally this would not happen 
but, for the case of type IIB superstrings, the SL(2,Z) symmetry requires 
the functions f n to be SL(2,Z)-invariant, implying that they have common 
fixed points, 5* = e i7r//6 and 5 = 1, and these are then necessarily extrema of 
these functions Jl6|| . Hence, we conclude that maximally symmetric solutions 
exist, in principle, for the superstring II at all orders in a'. Although this 
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result is quite general and does not not depend on the particular form of the 
functions f n but solely on the assumption of SL(2,Z)-invariance, it is relevant 
to mention that the structure of the higher order curvature terms has already 



been discussed in the literature [17|, llSj , and a proposal exists for their form 



Jd w x^9f-f,o(S,S)R 3m+1 (20) 



where 



are non-holomorphic modular forms of weights (k, —k); hence, the functions 
/_ 12,0 are indeed modular invariant. Notice that f 3/2,0 is identical to fo 
introduced before. For n > 1 we have s = 3/2 — 2n < and the infinite sum 
does not converge but can be defined by analytic continuation as 



2s-i r (l — s + k) 



f s , k (S, S) = tt T{s + k) - h-s,k(S, S) (22) 

Hence, we see that the existence of de Sitter solutions for type IIB super- 
strings seems to be intimately related to the SL(2,Z) symmetry of the theory. 
In this context, it is interesting to notice that, although stabilization of the 
dilaton and sucessfull inflation are very difficult features to implement for 



generic string cosmological models [14|, the situation seems to improve sig- 



nificantly for S-field potentials that are based on the assumption of SL(2,Z) 
invariance in the context of iV = 1 supergravity . 



We conclude that inclusion of non-perturbative effects in type IIB super- 
strings make it possible to obtain de Sitter solutions to the effective action 
at all orders in a'. This result cannot be extended to the type IIA theory, 
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where the absence of non-perturbative corrections at this order precludes the 
existence of such solutions. 



We are grateful to F. Quevedo for important discussions on various as- 
pects of this paper and, in particular, on the properties of modular-invariant 
functions. We also thank A. Kehagias and O. Bertolami for useful discussions 
on the subject of this paper. 
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